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A short review on the self-consistent RPA with in a energy-density functional of the Skyrme
type is given. We also present an extension of the RPA where the coupling of phonons to the
single particle states is considered. Within this approach we present numerical results which are
compared with data. The self-consistent approach is compared with the Landau-Migdal theory.
Here we derive from the self-consistent ph interaction, the Landau-Migdal parameters as well as
their density dependence. In the appendix a new derivation of the reduced ph matrix elements is
presented.
PACS numbers: 21.30.Fe,21.60.-n,21.60.Jz,24.30.Cz,21.10.-k
I. INTRODUCTION
In the present contribution we review the self con-
sistent time blocking approximation (TBA) and present
results obtained within this method. The conventional
random phase approximation (RPA) allows, e.g., the cal-
culation of the total transition strength and the mean
energy of giant resonances. If one is interested in the
distribution of the strength and cross sections of var-
ious nuclear reactions like electron scattering and α -
scattering it is necessary to consider in addition to the
one-particle–one-hole (1p1h) states more complex con-
figurations, e.g., two-particle–two-hole states [1] or the
fragmentation of the single particle strength due to the
coupling to phonons [2–5]. As input data for those ap-
proaches one needs single particle energies and wave func-
tions and a residual particle-hole interaction. In ear-
lier works one started with a single particle model and
defined a residual particle-hole interaction where both
quantities where adjusted to experimental data [6]. The
next stage of sophistication are self-consistent calcula-
tions where one starts with an effective Hamiltonian or a
density functional from which one obtains by functional
derivations the single particle quantities as well as the
residual interaction [7, 8]. The phenomenology enters
here in the Hamiltonian and the density functional in
which remain free parameters which have to be adjusted
to experimental data [9–12].
In the formal part we present the self-consistent RPA
equations within an energy-density functional approach
and give a short derivation of the TBA. The self-
consistent approach is compared with the Landau-Migdal
theory. Here we connect the ”Landau-Migdal interac-
tion” with the self-consistent ph-interaction and calculate
∗ J.Speth@fz-juelich.de
the famous Landau-Migdal parameters as well as their
density dependence.
In all our calculations we started from a density func-
tional of the Skyrme type where we used various sets
of parameters. We found from our investigations that
the inclusion of phonons give very good results for 208Pb
and fair results for the Ca-isotopes for the giant isovec-
tor dipole resonance (GDR) as well as for the isoscalar
resonances for some of the Skyrme parametrizations. A
parameter set which reproduces all these properties si-
multaneously is still missing. In the light nucleus 16O
the GDR is well reproduces but not the isoscalar reso-
nances. This will be discussed later.
An important point in the calculation of giant res-
onances is the treatment of the single particle contin-
uum. In earlier calculations the continuum was dis-
cretized which introduced some arbitrariness. Most re-
cently we developed a new method for handling the con-
tinuum that allows to consider also the spin-orbit inter-
action. Therefore we can now present results of the self-
consistent calculations which include also this part of the
residual interaction.
In Chapter II we introduce the basic formulas of the
self-consistent RPA and TBA. In Chapter III.A we intro-
duce several different Skyrme parametrization and dis-
cuss their connections to nuclear matter properties. In
Chapter III.B we compare the residual interaction of the
Migdal type with the one which follows from the second
derivative of the Skyrme type density functional. We
derive from the residual Skyrme interaction the spin in-
dependent Migdal parameters and their density behav-
ior. Finally we present in Chapter IV a large body of
data which are compared with experimental data and in
Chapter V we give a summary.
In the appendix we discuss in the subsection 1-4 in
some detail the Skyrme energy-density functional in gen-
eral and give detailed formulas for the Skyrme interac-
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2tion. In subsection 5-9 we derive the reduced matrix
elements of the residual ph-interaction which include not
only the zero-range and velocity dependent parts but also
the spin-orbit matrix elements.
II. THE METHOD
A. Formulation of the Hamiltonian
RPA is, in principle, a very general method in the con-
text of many-body theory which emerges from collecting
a subset of leading diagrams (bubble series) within the
Green function formalism, for details and explicit expres-
sions see [13]. We will discuss here RPA in the context
of effective interactions, or effective energy-density func-
tionals respectively (for the expressions in a nuclear con-
text see [14, 15]). This will result in somewhat different
notations and aspects. Thus we will introduce here the
basic ingredients as we will employ them in the sequel.
In many-body theory the one-particle Green function
is determined by the mass operator Σ which incorporates
all information on the many-body system. Its most gen-
eral form is
Σ = Σ(r,p, ) (1a)
depending on the coordinate r, the momentum p (non-
locality) and the single-particle (s.p.) energy  (depen-
dence on the spin and isospin variables is tacitly implied).
This Σ is a highly non-local one-body operator. The
first non-local feature is the effective mass which gathers
contributions from p-dependence as well as -dependence
[16]. RPA is a theory for the response function R which is
a propagator for a coherent superposition of 1p1h states.
It involves, besides Σ, a residual two-body interaction
which is derived in the many-body framework as
K =
δΣ
δG
(1b)
where δ stands for functional derivative and G for the
one-body Greens operator. Similar as Σ, K is a highly
non-local and energy-dependent operators, now even
more involved because it acts on two particles.
Effective interactions as the Landau-Migdal interac-
tion [17, 18] or the Skyrme force [19–21] are free from
energy dependence, but may carry some momentum de-
pendence of second order in p, for detailed discussion see
section III A. In these cases the equations-of-motion be-
come much simpler, e.g., as the single-particle strength is
simply one throughout [22]. This is also indicated by us-
ing slightly different notations. The place of Σ-operator
is now taken by the mean-field Hamiltonian
hˆ ≡ h12 (2a)
which is a one-body operator at most of order p2. The
numerical indices here and in the following denote the set
of the quantum numbers of some single-particle basis. In
the context of the density functional theory (DFT) with
the energy density functional E[ρ], the mean-field Hamil-
tonian is deduced from E[ρ] by functional derivative
h12 =
δE
δρ21
. (2b)
In practice, RPA described excitation about the sta-
tionary ground state and we deal with the ground-state
mean-field Hamiltonian that is simultaneously diagonal
with ρ. It is convenient to write it in the basis which
diagonalizes operators h and ρ , yielding
h12 = ε1δ12 , ρ12 = n1δ12 , (2c)
where n1 = 0, 1 is the occupation number. In what
follows the indices p and h will be used to label the
single-particle states of the particles (np = 0) and holes
(nh = 1) in this basis.
The residual two-body interaction for RPA is derived
again from eq. (1b), now replacing Σ by hˆ and G by ρˆ.
This yields for the case of DFT eventually
V12,34 =
δ2E[ρ]
δρ21 δρ34
, (3)
so the quantities h and V appear to be linked by Eqs.
(2b) and (3). Other effective interactions, as the Landau-
Migdal interaction, are modeled directly as residual two-
body interaction at the level of K.
B. Self-consistent RPA
Our approach is based on the version of the response
function formalism developed within the Green function
method (see Ref. [13]). The aim is to compute a nuclear
transition strength for an observable corresponding to
some one-body operator Q. The strength function SQ(E)
is defined in terms of the response function R(ω) by
S(E) = − 1
pi
Im Π(E + i∆) , (4a)
Π(ω) = −〈Q |R(ω) |Q 〉 , (4b)
where E is the excitation energy, ∆ a smearing parameter
simulating broadening effects beyond RPA, and Π(ω) the
(dynamic) Q-polarizability.
The strength functions combines system properties
with an observable. The system property is the response
function R which at RPA level is a solution of the Bethe-
Salpeter equation (BSE)
RRPA(ω) = R
(0)
(ω)−R(0)(ω)V RRPA(ω) , (5)
where R
(0)
(ω) is the uncorrelated 1p1h propagator and
V is the residual two-body interaction (see section II A).
The 1p1h propagator R
(0)
(ω) is defined as
R
(0)
(ω) = −(ω − Ω(0))−1MRPA , (6)
3where the matrices Ω
(0)
and MRPA are defined in the
1p1h configuration space. MRPA is the metric matrix
defined (in the diagonal basis) as
MRPA12,34 = δ13 δ24 [n2 − n1] . (7)
The matrix Ω
(0)
comprises the one-body Hamiltonian
acting separately on particle and hole in the form
Ω
(0)
12,34 = δ13 δ24 [ε1 − ε2] . (8)
The propagator RRPA(ω), being a matrix in 1p1h
space, is a rather bulky object. For practical calcula-
tions, it is more convenient to express it in terms of RPA
amplitudes zn12 by virtue of the spectral representation
RRPA1234 (ω) = −
∑
n
zn12
sgn(ωn)
ω − ωn (z
n
34)
∗ (9)
where n labels the RPA eigenmodes and ωn is the eigen-
frequency. Inserting that into Eq. (5) and filtering the
pole at ω = ωn yields the familiar RPA equations∑
34
(
Ω
(0)
12,34 +
∑
56
MRPA12,56 V56,34
)
zn34 = ωn z
n
12 , (10)
where the transition amplitudes zn are normalized by the
condition ∑
12,34
(zn12)
∗MRPA1234 z
n′
34 = sgn(ωn) δn, n′ . (11)
These equations determine the set of eigenstates n with
amplitudes zn12 and frequencies ωn.
C. Phonon coupling model
The second model is the quasiparticle-phonon coupling
model within the time-blocking approximation (TBA)
[4, 6, 23, 24] (without ground state correlations beyond
the RPA included in [4, 6, 23, 24] and without pairing
correlations included in [24]). This model, which in the
following will be referred to as the TBA, is an exten-
sion of the RPA including 1p1h⊗phonon configurations
in addition to the 1p1h configurations incorporated in the
conventional RPA. The BSE for the response function in
the TBA is
RTBA(ω) = R
(0)
(ω)
−R(0)(ω)(V +W˜ (ω))RTBA(ω) , (12)
W˜ (ω) = W (ω)−W (0) , (13)
where the induced interaction W˜ (ω) serves to include
contributions of 1p1h⊗phonon configurations. The ma-
trix W (ω) in Eq. (13) is defined in the 1p1h subspace
and can be represented in the form
W12,34(ω) =
∑
c, σ
σ F
c(σ)
12 F
c(σ)∗
34
ω − σΩc
, (14a)
where σ = ±1, c = {p′, h′, n} is an index of the subspace
of 1p1h⊗phonon configurations, n is the phonon’s index,
Ωc = εp′ − εh′ + ωn , ωn > 0 , (14b)
F
c(−)
12 = F
c(+)∗
21 , F
c(−)
ph = F
c(+)
hp = 0 , (14c)
F
c(+)
ph = δpp′ g
n
h′h − δh′h gnpp′ , (14d)
and gn12 is an amplitude of the quasiparticle-phonon in-
teraction. These g amplitudes (along with the phonon’s
energies ωn) are determined by the positive frequency
solutions of the RPA equations and the emerging z am-
plitudes as
gn12 =
∑
34
V12,34 z
n
34 . (14e)
In our DFT-based approach the energy density func-
tional E[ρ] in Eqs. (2b) and (3) is the functional of
the Skyrme type with model parameters adjusted to re-
produce nuclear ground state properties with high qual-
ity. In this case E[ρ] already effectively contains a part
of the contributions of those 1p1h⊗phonon configura-
tions which are explicitly included in the TBA. There-
fore, in a theory going beyond the RPA, the problem of
double counting arises. To avoid this problem in the
TBA, we use the subtraction method. It consists in
the replacement of the amplitude W (ω) by the quantity
W˜ (ω) = W (ω) −W (0) as it is written in Eq. (12). In
Ref. [25] it was shown that, in addition to the elimina-
tion of double counting, the subtraction method ensures
stability of solutions of the TBA eigenvalue equations.
III. EFFECTIVE INTERACTIONS
A. Basics on the Skyrme functional and related
parameters
From the variety of self-consistent nuclear mean-field
models [10], we consider here a non-relativistic branch,
the widely used and very successful Skyrme-Hartree-Fock
(SHF) functional. A detailed description of the func-
tional is given in the appendix and more background
information can be found in the reviews [10, 26, 27].
We summarize here the essential features. The func-
tional depends on a couple of local densities and cur-
rents (density, gradient of density, kinetic-energy den-
sity, spin-orbit density, current, spin density, kinetic spin-
density). For the description of ground state properties
and natural-parity excitations, there remain typically 13–
14 free model parameters. They are usually determined
by a fit to a large and representative set of experimental
data on bulk properties of the nuclear ground state, for
recent adjustments see [11, 28, 29]. The parameters thus
found are considered to be universal parameters as they
apply to all nuclei throughout the nuclear landscape and
to astro-physical matter (e.g. neutron stars).
4K [MeV] m∗/m asym [MeV] κTRK
SV-bas 234 0.90 30 0.4
SV-kap00 234 0.90 30 0.0
SV-mas07 234 0.70 30 0.4
SV-sym34 234 0.90 34 0.4
SV-K218 218 0.90 30 0.4
SV-m64k6 241 0.64 27 0.6
SV-m56k6 255 0.56 27 0.6
TABLE I. NMP for the Skyrme paramterizations used in this
study: incompressibility K, isoscalar effective mass m∗/m,
symmetry energy asym, Thomas-Reiche-Kuhn sum rule en-
hancement κTRK. The first five parametrizations stem from
[28], the last two from [7]. For the definition of the NMP, see
appendix A.
The force parameters C
(typ)
T , although necessary for
communicating the model and coding, are not very in-
tuitive. The most important part of the functional can
be characterized by nuclear matter properties (NMP),
i.e. equilibrium properties of homogeneous, symmetric
nuclear matter, for which we have some intuition from
the liquid-drop model (LDM) [30]. A detailed definition
of the NMP is given in appendix A4. Of particular in-
terest for resonance excitations are the NMP which are
related to response to perturbations: incompressibility
K (isoscalar static), effective mass m∗/m (isoscalar dy-
namic), symmetry energy asym (isovector static), TRK
sum rule enhancement κTRK (isovector dynamic). It
turns out that a fit to ground state properties fixes some
of the NMP very well (equilibrium density and binding
energy, to some extend also incompressibility) while oth-
ers are left with an appreciable leeway (particularly the
isovector properties symmetry energy and sum-rule en-
hancement). This calls for careful evaluation of the pre-
dictive value of SHF calculations. There is a great man-
ifold of strategies to explore the uncertainties in predic-
tions, for recent discussion see, e.g., [31–33].
One such strategy is a systematic variation of prop-
erties of a functional in the vicinity of the optimal fit.
And it is obvious that one should vary the most im-
portant agents which are for the SHF functional the
NMP. In that spirit, the paper [28] provides a series
SHF parametrizations with systematically varied NMP.
We use these sets here to explore the sensitivity, or ro-
bustness, of the phonon coupling under variations of the
functional in reasonable ranges (i.e. in the vicinity of
the optimum). Table I lists the selection of parametriza-
tions and their NMP. SV-bas is the base point of the
variation of forces. Its NMP are chosen such that dipole
polarizability and the three most important giant reso-
nances (GMR, GDR, and GQR) in 208Pb are well re-
produced by Skyrme-RPA calculations. Each one of the
next four parametrizations vary exactly one NMP while
keeping the other three at the SV-bas value. These 1+4
parametrizations allow to explore the effect of each NMP
separately. It was figured out in [28] that there is a unique
relation between each one of the four NMP and one res-
onance in 208Pb: K affects mainly the GMR, m∗/m af-
fects mainly the GQR, κTRK affects mainly the GDR, and
asym is uniquely linked to the dipole polarizability [34].
Finally, the last two parametrizations in table I were de-
veloped in [7] with the goal to describe, within TBA, at
the same time the GDR in 16O and 208Pb. This required
to push up the RPA peak energy which was achieved by
low asym in combination with high κTRK. To avoid un-
physical spectral distributions for the GDR, a very low
m∗/m was used.
B. From Landau-Migdal theory to the SHF
residual interaction
The SHF theory provides reliable nuclear ground states
and with it the first ingredients for the RPA/TBA equa-
tions, namely s.p. wavefunctions, mean-field Hamilto-
nian hˆ and corresponding s.p. energies εi. The crucial
piece, going beyond ground state properties, is the ef-
fective residual interaction. It can be derived fully self-
consistency from the SHF functional with Eq. (3). The
details of its evaluation for spherical nuclei are given in
appendix A5-A9. In these sections, we will briefly review
the development of effective residual interactions which
started out with the Landau-Migdal interaction in the
context of Fermi liquid theory [17] and compare it with
the actual form delivered by the SHF functional, for a
more extensive discussion see [35].
The theory of Fermi liquids deals with homogeneous
matter where momentum space provides the most nat-
ural representation. We will thus discuss in the follow-
ing the residual interaction in momentum space. In gen-
eral, the effective interaction kernel is an involved four-
point function, depending on three momenta: p and p′ as
the momenta of the in-coming and out-going hole states
and q as the transferred momentum. Figure 1 illustrates
pp+q
p’ p’+q
p+q p
p’+q p’q q’
FIG. 1. Graphical representation of a local interaction in ph
space with direct (left) and exchange term (right). Particle
and hole states are represented by full lines with up- and down
arrows. The dashed horizontal line stands for the interaction.
The three relevant momenta p, p′, and q, are indicated. The
exchange term transfers the momentum q′ = p′ − p.
these momenta for the case of a local interaction which
is sufficient for our purposes because the Landau-Migdal
as well as the Skyrme interaction are both local. All ph
pairs carry net momentum q. They differ by the other
momentum p, or p′ respectively. In Landau approxima-
tion, one considers the residual interaction F ph at the
Fermi surface (we use here the symbol F to distinguish
Landau-Midgal approach from V in SHF). Thus one can
approximate it as a local contact (zero-range) interaction
5and F ph depends not on the q any more, only on the an-
gle between the momenta p and p′ before and after the
collision; its spin-independent part reads
F ph
(
p · p′
p2F
)
= C0
∞∑
l=0
[fl + f
′
l τˆ1 · τˆ2]Pl
(
p · p′
p2F
)
(15)
C0 =
pi2~3
2m∗pF
, pF = ~
(
3pi2ρ0
2
)1/3
(16)
where Pl(x) is the Legendre polynomial of order l and pF
is the Fermi momentum. There are, in fact, four terms
containing different combinations of spin and isospin op-
erators covering the typical nuclear interaction channels
[36]. We consider here only the two terms which are
relevant for modes with natural parity as, e.g., the gi-
ant resonance. By virtue of the Landau quasi-particle
concept, the whole information content of the two-body
interaction in matter shrinks to a few model constants,
the much celebrated Landau-Migdal (dimensionless) pa-
rameters fl. The scaling factor C0 is proportional to the
density of states at the Fermi surface. A typical value
is C0 = 150 MeV fm
3 which is the standard choice in
phenomenological shell models where the effective mass
is m∗/m = 1. The importance of the fl shrinks with
increasing l. Usually, only l = 0 and 1 are taken into
account. The Fourier transforms of the terms with l = 0
and l = 1 yield δ-functions in coordinate space and
derivatives thereof, a form which resembles very much
the Skyrme force as given in Eq. (A5). This already indi-
cates that there is close relation between Landau-Migdal
theory and SHF.
In the Theory of Fermi Liquids the Landau parameters
are constants. Migdal introduced in his Theory of Finite
Fermi Systems density dependent parameters fl(ρ) in or-
der to correct for the finite size of the nuclei. The density
dependent Landau-Migdal parameters are parametrized
as [17]:
f(ρ) = f (ex) + (f (in) − f (ex))ρ0(r)
ρ0(0)
(17)
where f (ex) stands for the exterior region of the nucleus
and f (in) for the interior. The Landau-Migdal interac-
tion describes one part of the RPA scheme, the residual
interaction. In Landau-Migdal theory, the ground-state
input (s.p.-wavefunctions, s.p. energies) is taken from an
empirical single-particle model which reproduces exper-
imental s.p. energies as good as possible. The Landau-
Migdal parameters are free parameters of the model and
tuned to generally accepted values of NMP, incompress-
ibility, symmetry energy and effective masses, for details
see [6].
SHF goes one step further in that it describes ground
states as well as excitation properties with one and the
same energy functional. The residual interaction for
RPA calculations is derived with Eq. (3), for details see
appendix A5-A9. The terms for natural-parity modes
(no spin-spin interaction) eventually read in momentum
space
F phSk (p,p
′,q) = a00 + a01(ττ
′) + az(τz + τ
′
z)
+
[
b
(−)
00 + b
(−)
01 (ττ
′)
]
q2
+
[
b
(+)
00 + b
(+)
01 (ττ
′)
]
(p−p′)2 , (18a)
a0T =
1
4
∑
τ
[
F 0τ,τ + (−1)TF 0τ,−τ
]
,
az =
1
4
∑
τ
(τz)τ,τF
0
τ,τ , (18b)
where F 0τ,τ , F
0
τ,−τ (τ = n, p) and the b parameters are
given in appendix A 5. This is the residual interaction
as it must be taken into account in a consistent Skyrme-
RPA calculation of modes with natural parity. It is inter-
esting to check the expression in Landau approximation
which reads in the limit of nuclear matter
q = 0 , p2 = p′2 = k2F . (19)
yielding
q′2 = 2k2F
[
1− P1(cos θ)
]
, cos θ =
p · p′
k2F
. (20)
This erase the direct term ∝ q2 leaving for the momen-
tum dependent part
F phLan,grad = 2k
2
F
[
b
(+)
00 + b
(+)
01 (ττ
′)
]
−2k2F
[
b
(+)
00 + b
(+)
01 (ττ
′)
]
P1(cos θ) . (21)
Note that the velocity dependent exchange terms con-
tribute to the leading order of F ph(f0, f
′
0) as well as
to the next to leading order (f1, f
′
1). Comparing Eq.
(21) with the full form (18a), we see that, in spite of
much similarity, the Landau-Migdal approximation mod-
ifies the residual interaction in detail. The effect of mo-
mentum dependence is formally obvious from Eq. (21).
The effect of density-dependence is illustrated in figure
2 and shows the dimensionless Landau-Migdal parame-
ters f0(ρ) and f
′
0(ρ) for the SHF parametrization SV-bas
and compares it with the standard linear Landau-Migdal
form (17). The f0 and f
′
0 parameters look, at first glance,
much different from the linear trend the Landau-Migdal
ansatz. However, one has to remind that nuclear reso-
nance excitations do not explore the whole range of den-
sities. The dynamically most relevant region lies between
volume density and density at the surface ρ ≈ 0.1− 0.16
fm−3 and here, the differences are not so dramatic. The
results from an RPA calculation in Landau-Migdal ap-
proximation are basically fine [37, 38]. But for a detailed
description, one should use the full SHF residual interac-
tion. This has to include also a correct residual interac-
tion from the other terms in the functional, particularly
concerning the Coulomb interaction [39]. The density de-
pendence of the l = 1 parameters, f1 and f
′
1, causes no
problem as it is also linear in SHF which is obvious from
figure 2.
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FIG. 2. Dimensionless Landau-Migdal parameters for the
Skyrme parametrization SV-bas [28] together with the linear
approximation according to the Landau-Migdal ansatz (17).
IV. RESULTS
From the huge variety of possible results, we concen-
trate on the three most important giant resonances: the
isoscalar giant monopole resonance (GMR), the isoscalar
giant quadrupole resonance (GQR), and the isovector gi-
ant dipole resonance (GDR). To avoid interference with
pairing effects, we confine the study to the doubly magic
nuclei 16O, 40Ca, 48Ca, and 208Pb.
A. Details of the calculation scheme
Eqs. (5) and (12) for the response functions in our ap-
proach are solved in a discrete basis. This basis is defined
as a set of solutions of the Schro¨dinger equation with box
boundary conditions. Both equations are solved in the
same large configuration space. The RPA solutions with
sufficiently strong B(EL) values are taken as the phonons
for the TBA calculation. We check stability of the results
with phonon space and show here only the converged re-
sults. A detailed discussion of stability with respect to
size of RPA space, phonon space, and B(EL) cutoff will
be postponed to a forthcoming publications. Actually,
we use for phonon coupling all RPA modes which ex-
haust more than 20% of the total B(EL) strength. For
final TBA and RPA results we switch to a description
of the nucleon continuum by using the continuum repre-
sentation for the free 1p1h response propagator R(0) in
eqs. (5) and (12), details will be presented in a sepa-
rate publication. It is to be noted that continuum effects
are marginal for 208Pb, but play a significant role for the
lighter nuclei in the survey. The residual interaction V
in Eqs.(5) and (12) is derived fully self-consistently from
the SHF functional according to Eq. (3). In the case of
the energy density functional E[ρ] built on the Skyrme
forces, the amplitude V determined by Eq. (3) con-
tains the zero-range (velocity-independent), and velocity-
dependent parts, and the Coulomb interaction. Explicit
formulas for all these terms of V are given in Appendices
A5-A9.
We will consider only the doubly-magic nuclei. They
have closed shells and pairing is not important. The box
sizes in the RPA and TBA calculations are 15 fm for
16O, 40,48Ca and 18 fm for 208 Pb. The cutoff for the
1p1h space is 100 MeV for all nuclei (see our discussion
in the next two sections). The new aspects in the present
calculations as compared to earlier presentation are:
1) full residual interaction from the SHF functional,
2) continuum effects, and
3) subtraction method (13) in TBA.
Point 1, the fully residual interaction, assures consistency
of the calculations. Point 2, the particle continuum,
serves to model correctly the escape with in the spec-
trum. Point 3, the subtraction of the static contribution
from the 1p1h-phonon-interaction eliminates the double
counting, resolves the stability problem of TBA, and re-
instates the Thouless theorem, which otherwise does not
75 10 15 20 25 30
E [MeV]
0
500
1000
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FIG. 3. Photo-absorption strength in 208Pb calculated
with the parameter set SV-m64k6. Compared are RPA, plain
TBA, and TBA with subtraction scheme (13). Details of the
calculations are the same as described in section IV A with
spectral smoothing parameter ∆ = 400 keV.
hold for extended versions of the RPA.
B. The impact of the subtraction scheme
First, we have a look at the effect of the subtraction
scheme (13) for the residual interaction in TBA. Figure
3 demonstrates that for the photo-absorption strength in
208Pb. The RPA spectrum looks already rather smooth
due to the high density of 1p1h states, continuum treat-
ment, and folding with ∆ = 400 keV. But there is a
pronounced secondary peak at higher energy around 18
MeV which is not found in experimental data (see fig-
ure 4). The coupling to complex configurations in TBA
smooths the unnatural high-energy peak and turns it to a
long high-energy tail in the spectrum which is also found
in the experimental spectra. This means that TBA is cor-
rectly describing collisional broadening and both version
of TBA do that in similar manner. Besides broadening,
TBA induces also an energy shift in the spectra, usually
a down shift as seen here. This shift is much reduced
by the subtraction scheme and that is a desirable effect.
An example for this is the isoscalar quadrupole channel
in 208Pb. There is a strong low lying 2+1 mode around 4
MeV and one expects that it is robust against complex
configurations because the phase space or collisional ef-
fects is too small at this low energy. It turns out that
this mode is heavily down shifted for plain TBA but al-
most inert, as it should be, for TBA with subtraction
scheme. Altogether, we see that the subtraction of the
zero-frequency interaction W (0) is a crucial ingredient in
TBA.
C. Strength distributions
In Fig. 4 the theoretical cross sections of GMR, GQR
and GDR are compared with the experimental ones for
208Pb. The theoretical results are calculated with all
seven Skyrme parameter sets which we presented in Ta-
ble I of section III A. We first discuss the GMR (left col-
umn) which is closely connected with the incompress-
ibility K. The peak position is clearly related to K.
Low K (upper left panel) shifts the peak to lower en-
ergy while high K shift it up. All parametrizations with
K = 234 MeV (left column, panels 2–5 from above) pro-
duce the GMR at the same and correct place although
they differ in other NMP. The GQR is shown in the mid-
dle column. It confirms what had been found earlier [42],
namely that the GQR depends sensitively on the effec-
tive mass m∗/m with the peak position going up with
smaller m∗/m. RPA fits best with m∗/m = 0.9 (panels
1–3 and 5 from above) but misses the high-energy tail.
TBA provides best results with m∗/m = 0.7 and pro-
duces properly the upper tail of the spectral distribution.
The GDR is shown on the right column. Most promi-
nent is the unphysical high-energy peak which shows up
for all parametrizations and the welcome feature that
TBA removes it consistently, as was discussed in sec-
tion IV B. What trends is concerned, we see for the GDR
the strongest impact coming from κTRK, see the devia-
tion for SV-kap00 (panel 3 from above). The situation is
mixed for SV-m64k6 and SV-m56k6 because more than
one NMP was varied (see table I).
Fig. 5 shows photo-absorption cross section (isovec-
tor dipole channel) and multipole strength distributions
(isoscalar channels) for 48Ca. The general trends are
much the same as for 208Pb. New is that in lighter nuclei
spectra become broader due to more spectral fragmenta-
tion. A closer inspection of the nucleus 48Ca may help
to assess the importance of the phonon degree of free-
dom in theoretical approaches to the spectral strength
distributions. We first look at the GDR strength (right
column). The experimental GDR strength is centered at
20.2 MeV and shows large and smooth low- and high-
energy tails, see Fig. 5. The mean-field approxima-
tion(RPA) produces a fragmentation of the strength into
two major peaks and overestimates the height of the
peaks by approximately a factor 2. The detailed shape
of the strength distribution is sensitive to the chosen pa-
rametrization of the effective interaction. Using a small
effective mass, significant RPA strength is produced at
a high energy of 25 MeV(SV-m56K6). The phonon cou-
pling in TBA mainly reduces the strength in the vicinity
of the two RPA peaks and re-distributes it. The effect of
TBA is most pronounced for the interaction SV-m56K6
where the final TBA strength comes closest to the exper-
imental data. The effect of peak reduction and broad-
ening is more pronounced for the GQR strength (middle
column) where RPA shows a too narrow resonance that
dramatically overestimates the experimental strength of
the peak. The phonon coupling reduces the strength of
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FIG. 4. Detailed spectral strength distributions for 208Pb and the three modes under consideration: isoscalar monopole
(left panels), isoscalar quadrupole (middle panels), and isovector dipole (right panels). Photo-absorption strength is shown in
case of the dipole mode, multipole strength else-wise. Compared are results from RPA (blue dashed) and TBA (green) with
experimental strengths (brown with errorbars). Results are obtained with the seven Skyrme parametrizations presented in
section III A. Experimental data are from [40] for the GDR and [41] for GMR and GQR.
the RPA peak by a factor 2. Even this does not yet
suffice to obtain a quantitative description of the exper-
imental quadrupole data. Somehow, collisional broaden-
ing is still underestimated. This underestimation is even
more dramatic for the GMR (left column) where phonon
coupling in TBA makes only a minor modification of the
RPA result. From a formal point of view, this is plausi-
ble because the L=0 channel limits the possible phonon
couplings. Experimental data, however, are significantly
broadened, more than for the other modes. It seems that
TBA is not properly accounting for the crucial broaden-
ing mechanisms in 48Ca (and other light nuclei). This
leaves an open problem for future research.
The main result from the large collection of strengths
shown in this section is that the modifications of the RPA
results brought in by TBA (broadening and shift) are
for a given channel and nucleus are practically the same
for all parametrizations. We will see this also from the
compact analysis in the next section.
D. Trends in terms of peak energies
After looking at strength functions in detail, we want
to summarize here the net effect of TBA in terms of one
key number. To that end, we define a resonance peak
energy by averaging the strength in a window around
the resonance. The peak energy was defined as the en-
ergy centroid m1/m0 where the moments m1 and m0
were taken in a certain energy interval around the res-
onance peak. These windows are 11 < E∗ < 40 MeV
for GMR and GQR in 16O, 15 < E∗ < 30 MeV for the
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FIG. 5. As Fig. 4, but for 48Ca. Experimental data are taken from [43] for the GDR and [44] for GMR and GQR.
GDR GMR GQR
exp. RPA TBA exp. RPA TBA exp. RPA TBA
16O 24.3 20.8 19.7 21.1 23.1 22.4 19.8 20.1 19.9
40Ca 20.4 19.0 17.3 18.7 21.1 20.4 17.3 16.6 16.3
48Ca 20.2 19.3 18.5 19.0 20.5 20.0 16.6 16.8 16.3
208Pb 13.5 14.3 13.6 13.8 14.0 13.8 11.5 10.9 10.4
TABLE II. Peak energies for GDR, GMR, abd GQR in four
doubly-magic nuclei computed with then parametrization SV-
bas. Compared are RPA an TBA results with the experimen-
tal value.
GDR in 16O, 10 < E < 30 MeV for GMR in 40,48Ca,
and 10 < E < 25 MeV for GQR in 40,48Ca, The cen-
troids E0 for the GDR in 40, 48Ca and for the GDR,
GMR, and GQR in 208Pb were calculated in the window
E0±2δ where δ is the spectral dispersion (although with
constraint δ ≥ 2MeV). Table II shows the results for the
four nuclei and three resonance modes under considera-
tion. We do that for one parametrization, SV-bas, only in
order to concentrate on the trends with system size. The
difference between RPA and TBA for the GDR is about
the same for all four nuclei while the GMR shows a sig-
nificant increase towards smaller nuclei and the GQR has
the opposite trend to yield smaller difference for smaller
systems. In any cases, the trends are not nearly as strong
as they were in earlier calculations, see e.g. [7]. The
subtraction scheme (13) tends to reduce the shift of res-
onance energies while maintaining full collisional broad-
ening from phonon coupling. In the terms of many-body
theory this means that the subtraction scheme reduces
the effect on the real part of the resonance energy while
maintaining the full effect on the imaginary part [45].
What the comparison with experimental results is con-
cerned, we see acceptable agreement for 208Pb. That is
the nucleus where SV-bas was tuned to the resonances.
Significant differences develop for lighter nuclei. This is
a known problem for the GDR [46]. A thorough study
of the A-dependence for the isoscalar modes has still to
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energies of the three giant resonance modes in 208Pb for a
variety of Skyrme parametrizations as indicated.
come.
Figure 6 shows the difference between RPA and TBA
resonance energies for one nucleus 208Pb, but now for all
parametrizations under consideration. The GMR seems
rather robust as it shows a small correction with little de-
pendence on the parametrization. Sizable shifts are seen
for GDR as well as GQR and these can vary significantly
with parametrization. For the GQR, the trend is clear.
The shift increases with decreasing effective mass m∗/m
and shows also some influence from the isovector effective
mass characterized by κTRK. The GDR, again, seems to
be rather robust, except for the one parametrization SV-
m56k6 for which many NMP had been changed.
V. SUMMARY
We have reviewed recent progess of the TBA, a selfcon-
sistent generalization of the Landau-Migdal theory based
on effective Skyrme interactions and incorporating the
phonon degree of freedom. Phonons are shown to be a
relevant degree of freedom in theoretical approaches to
the nuclear multipole strength functions. In heavy nu-
clei, a major improvement with respect to a mean-field
approximation(RPA) is obtained. The performance of
the method deteriorates in light nuclei, however, where
phonons by themselves do not suffice to account for the
experimentally observed fragmentation of the strength.
Other degrees of freedom appear to be important which
limits the method to heavy nuclei. As the method is
based on the effective Skyrme interaction which is valid
for all nuclei, extrapolations to heavy neutron-rich nuclei
are possible.
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Appendix A: The Skyrme energy functional
1. Basic constituents: Densities and currents
In SHF, a system is described in term of a set of single
particle (s.p.) wavefunctions ϕα(~r) together with BCS
amplitudes vα for occupation and uα =
√
1− v2α for non-
occupation. These are summarized in the one-body den-
sity matrix
%q(r, r
′) =
∑
α∈q
wαv
2
αϕα(r)ϕ
†
α(r
′) (A1)
where q labels the nucleon species with q = p for pro-
tons and q = n for neutrons. The wα is a further factor
which describes a cutoff for pairing space (see below).
The SHF functional requires the knowledge of only a few
local densities and and currents, sorted here according to
time parity:
time even:
ρq=trσ{%(r, r′)}
∣∣
r=r′ ≡ density
τq=trσ{∇r∇r′%(r, r′)}
∣∣
r=r′ ≡ kinetic density
~Jq=−i trσ{∇r×~ˆσ%(r, r′)}
∣∣
r=r′ ≡ spin-orbit density
time odd:
~σq=trσ{~ˆσ%(r, r′)}
∣∣
r=r′ ≡ spin density
~jq==
{
trσ{∇r%(r, r′)}
∣∣
r=r′
} ≡ current
~τq=−trσ{~ˆσ∇r∇r′%(r, r′)}
∣∣
r=r′≡ kinetic spin-dens.
time mixed:
ξq=
∑
α∈q wαuαvα|ϕα|2 ≡ pairing density
(A2)
It is advantageous to handle the densities in terms of
isospin T ∈ {0, 1} instead of protons p and neutrons n.
Thus we consider the recoupled forms which read for the
local density
ρ0 ≡ ρ = ρp + ρn , ρ1 = ρp − ρn , (A3)
and similarly for the other densities and currents. The
isoscalar density ρ0 ≡ ρ is equivalent to the total density
and the difference ρ1 corresponds to the isovector den-
sity. All densities and currents in the collection (A2) are
real and have definite time parity, except for the pairing
density ξ which is complex and has mixed time parity.
2. The energy functional
The total energy in SHF is composed from kinetic en-
ergy, Skyrme interaction energy, Coulomb energy, pairing
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energy, and correlation energy from low-energy collective
modes, usually a center-of-mass and a rotational correla-
tion. It reads
Etotal =
∫
d3r {Ekin + ESk}
+ECoul + Epair − Ecorr , (A4a)
Ekin = ~
2
2mp
τp +
~2
2mn
τn . (A4b)
ECoul =
e2
2
∫
d3r d3r′
ρp(~r)ρp(~r
′)
|~r − ~r′| (A4c)
+
3e2
4
(
3
pi
)1/3 ∫
d3r[ρp(~r)]
4/3 . (A4d)
The pairing energy Epair is irrelevant for the present ap-
plications to doubly-magic nuclei. The correlation energy
Ecorr amounts to a center-of-mass correction to ground-
state observables and is ignored for the RPA excitations.
The key piece is the Skyrme energy-density functional
ESk which can be sorted into time-even and time-odd
couplings as
ESk,even = Cρ0 ρ20 + Cρ1 ρ21
+Cρ,α0 ρ
2+α
0 + C
ρ,α
1 ρ
2
1ρ
α
0
+C∆ρ0 ρ0∆ρ0 + C
∆ρ
1 ρ1∆ρ1
+C∇J0 ρ0∇· ~J0 + C∇J1 ρ1∇· ~J1
+Cτ0 ρ0τ0 + C
τ
1 ρ1τ1
+CJ0
~J20 + C
J
1
~J21
(A4e)
ESk,odd = +Cσ0 ~σ20 + Cσ1 ~σ21
+Cσ,α0 ~σ
2
0ρ
α
0 + C
σ,α
1 ~σ
2
1ρ
α
0
+C∆σ0 ~σ0∆~σ0 + C
∆σ
1 ~σ1∆~σ1
+C∇J0 ~σ0 ·∇×~j0 + C∇J1 ~σ1 ·∇×~j1
−Cτ0 ~j20 − Cτ1 ~j21
− 12CJ0 ~σ0 ·~τ0 − 12CJ1 ~σ1 ·~τ1
(A4f)
Note that at some places the same coupling constants
appear in time-even and time-odd part. That serves to
guarantee Galilean invariance of the functional, proven
for the case of equal nucleon masses in [47]. Spin cou-
plings ∝ CσT , CσαT , C∆σT play no role for the natural-parity
modes considered here and are only listed for complete-
ness.
3. The Skyrme “force”
Originally SHF was proposed as an effective interaction
[19], later on coined as “Skyrme force”. In this approach,
the SHF energy functional is given as the expectation
value of the Skyrme interaction VˆSkyrme for a Slater state
|Φ〉 (more generally a BCS state), i.e.∫
d3r ESk = 〈Φ|VˆSkyrme|Φ〉
with
VˆSkyrme = Vˆ
m + Vˆ LS + Vˆ t (A5)
Vˆ m = t0(1+x0Pˆσ)δ(r12)
+
t3
6
(1+x3Pˆσ)ρ
α (r1) δ(r12)
+
t1
2
(1+x1Pˆσ)
(
δ(r12)kˆ
2 + kˆ′2δ(r12)
)
+t2(1+x2Pˆσ)kˆ
′δ(r12)kˆ
Vˆ LS = i(W0(1 + xWPτ )(σˆ1 + σˆ2) · kˆ′ × δ(r12)kˆ
r12 = r1 − r2 , Pˆσ = 1
2
(1 + σˆ1σˆ2) ,
kˆ = − i
2
(→
∇1 −
→
∇2
)
,
kˆ′ =
i
2
(←
∇1 −
←
∇2
)
.
where kˆ acts to the right and kˆ′ to the left. Note that
the rather involved, but usually ignored, tensor force has
not been listed here. This “Skyrme force” was moti-
vated in that form from a low momentum expansion of
the density-matrix [20, 48] which yields the above terms
where each parameter ti carries, in principle, some den-
sity dependence. For simplicity, one has decided to ig-
nore density dependence, except for the zeroth order term
which is augmented by a density dependence ρα. We put
the notion “force” in quotation mark because this object
depends on the density which is produced by the wave
function on which this force acts. This is not a stan-
dard two-body operator, but an effective force designed
for building an expectation value with a mean-field state
[46].
Each one of the two viewpoints, the energy functional
(A4) and the Skyrme “force” (A5), has a natural set of
parameters associated to the terms of the functional (the
C
(typ)
T ), or force (the ti) respectively. There is a one-to-
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one correspondence between the two conventions:
Cρ0 =
3
8 t0 ,
Cρ1 = − 14 t0( 12 + x0) ,
Cτ0 =
3
16 t1 +
5
16 t2 +
1
4 t2x2 ,
Cτ1 = − 18
[
t1(
1
2 + x1)− t2( 12 + x2)
]
,
C∆ρ0 = − 964 t1 + 564 t2 + 116 t2x2 ,
C∆ρ1 =
1
32
[
3t1(
1
2 + x1) + t2(
1
2 + x2)
]
,
Cρα0 =
1
16 t3 ,
Cρα1 = − 124 t3( 12 + x3) ,
C∇J0 = − 34 t4
C∇J1 = − 14 t4 ,
Cs0 = − 14 t0
(
1
2 − x0
)
,
Cs1 = − 18 t0 ,
CsT0 = − 18
[
t1
(
1
2 − x1
)− t2( 12 + x2)] ,
CsT1 = − 116 (t1 − t2) ,
C∆s0 =
1
32
[
3t1
(
1
2 − x1
)
+ t2
(
1
2 + x2
)]
,
C∆s1 =
1
64 (3t1 + t2) ,
Csα0 = − 124 t3( 12 − x3) ,
Csα1 = − 148 t3 ,
(A6)
There is one exception concerning the spin-orbit term.
The energy functional (A4) allows for independent choice
of CsT0 and C
sT
1 . That is freedom which was recom-
mended in [49] and regularly used later on. But the force
(A5) ties these two terms together as seen in eq. (A6).
The derivation of the reduced elements of RPA residual
two-body interaction in appendix A 5 refers to the force
aspect of SHF and thus formulates the matrix elements
preferably in terms of the force parameters ti.
4. Nuclear matter parameters
Infinite nuclear matter is taken without Coulomb force,
pairing, and correlation correction. It remains the energy
per particle as
E
A
(ρ0, ρ1, τ0, τ1) =
Ekin + ESk
ρ0
. (A7)
where we consider for a while ρ and τ as independent
variables. Of course, a given system is characterized just
by the densities ρT while the kinetic density depends on
these given densities as τT = τT (ρ0, ρ1). Thus we have to
distinguish between partial derivatives ∂/∂τ which take
τT as independent and total derivatives d/dρ which deal
only with ρT dependence. The relation is
d
dρT
=
∂
∂ρT
+
∑
T ′
∂τT ′
∂ρT
∂
∂τT ′
. (A8)
The standard NMP are defined at the equilibrium point
(ρ0 = ρeq, ρ1 = 0) of symmetric nuclear matter. They
isoscalar ground state properties
equilibrium density: ρeq ↔ d
dρ0
E
A
∣∣∣
eq
= 0
equilibrium energy:
E
A
∣∣∣
eq
isoscalar response properties
incompressibility: K∞ = 9 ρ
2
0
d2
dρ20
E
A
∣∣∣
eq
effective mass:
~2
2m∗ =
~2
2m
+
∂
∂τ0
E
A
∣∣∣∣
eq
isovector response properties
symmetry energy: J =
1
2
ρ20
d2
dρ21
E
A
∣∣∣∣
eq
slope of J : L = 3ρ0
d
dρ0
J
TRK sum-rule enh.:κTRK =
2m
~2
∂
∂τ1
E
A
∣∣∣∣
eq
TABLE III. Definition of the nuclear matter properties
(NMP). All derivatives are to be taken at the equilibrium
point of symmetric nuclear matter. For the definition of L, J
is considered temporarily as J(ρ0).
are summarized in table III. The enhancement factor
for the Thomas-Reiche-Kuhn (TRK) sum rule [36] is a
widely used way to characterize the isovector effective
mass which is obvious from the given expression involv-
ing derivative with respect to τ1. The slope of symme-
try energy L characterizes the density dependence of the
symmetry energy which allows to estimate the symmetry
energy at half density, i.e. at surface of finite nuclei.
The NMP can be grouped into four classes: first, the
(isoscalar) ground state properties ρeq and E/A
∣∣∣
eq
, sec-
ond, isoscalar response propertiesK andm/m, and third,
isovector response properties J , L, κTRK. The response
properties determine zero sound in matter [50] and subse-
quently they are closely related to giant resonance modes
in finite nuclei as we will see later. There is a further
category, the surface energies which go already beyond
homogeneous matter and whose definition is rather in-
volved [51]. They are not considered here.
Homogeneous matter yields ∆ρ = 0 and ~J = 0 which,
in turn, renders four terms in the functionalA4e inac-
tive. Thus we have exactly seven interaction parame-
ters (Cρ0 , C
ρ,α
0 , C
τ
0 , α) to determine seven NMP. The
relation is revertible establishing a one-to-one correspon-
dence between the both sets. This allows to consider
the NMP equivalently as model parameters which is, in
fact, a more intuitive way to communicate the model pa-
rameters. And this is the aspect which is used in the
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systematic variation of the SHF functional (see section
III A).
5. Reduced matrix elements of the residual
interaction
In this Appendix we draw the exact formulas for the
reduced matrix elements of the residual interaction V de-
duced from the Skyrme energy functional of the standard
form (see, e.g., [10, 52]).
It is convenient to present this interaction as a sum of
the following terms
V12,34 = V
(0)
12,34 +V
(2)D
12,34 +V
(2)X
12,34 +V
(2)SO
12,34 +V
(C)
12,34 , (A9)
where V
(0)
12,34 is the momentum-independent part of V
(including density-dependent terms), V
(2)D
12,34 , V
(2)X
12,34 and
V
(2)SO
12,34 are the direct, exchange and spin-orbit terms
of the momentum-dependent part of the interaction (all
these terms are of the second order in the momenta, see
Ref. [35] for the explicit definition of V
(2)D
12,34 and V
(2)X
12,34 ),
V
(C)
12,34 is the Coulomb interaction. It is supposed that the
matrix elements in Eq. (A9) are calculated in the repre-
sentation of the single-particle wave functions ϕ1(r, σ, τ)
of some spherically-symmetric basis. In this case the ma-
trix indices can be represented as 1 = {(1),m1}, where
(1) = {τ1, n1, l1, j1}, m1 is a projection of the total an-
gular momentum. Let us define reduced matrix elements
as follows
V J(12,34) =
∑
m1m2m3m4M
V12,34
× (−1) j2−m2
(
j1 j2 J
m1 −m2 M
)
× (−1) j4−m4
(
j3 j4 J
m3 −m4 M
)
. (A10)
For the excitations in the neutral particle-hole channel
with the total angular momentum J one obtains
V J(12,34) = V
J (0)
(12,34) + V
J (2)D
(12,34) + V
J (2)X
(12,34)
+ V
J (2)SO
(12,34) + V
J(C)
(12,34) . (A11)
Below the explicit formulas for the terms in this equality
are given.
6. Momentum-independent part of the interaction
V
J (0)
(12,34) =
δτ1,τ2 δτ4,τ3
2J + 1
∑
LS
I
S(0)
(12,34)
×〈 j2l2 ||TJLS || j1l1〉 〈 j4l4 ||TJLS || j3l3〉 , (A12)
where S = 0, 1,
I
S(0)
(12,34) =
∫ ∞
0
dr r2
[
δS, 0 F
0
τ1, τ3(r) + δS, 1G
0
τ1, τ3(r)
]
×R(1)(r)R(2)(r)R(3)(r)R(4)(r) , (A13)
R(1)(r) is the radial part of the single-particle wave func-
tion ϕ1(r, σ, τ). The functions F
0
τ, τ ′(r) and G
0
τ, τ ′(r) are
defined by the following equations
F 0n,n =
1
2
(1− x0) t0 + t3
48
ρα
{
3(α+ 1)(α+ 2)
− (1 + 2x3)
[
α(α− 1)(ρ¯/ρ)2 + 4α ρ¯/ρ+ 2 ]} ,(A14)
F 0n,p = F
0
p,n = ( 1 + x0/2 ) t0 +
t3
48
ρα
{
3(α+ 1)(α+ 2)
− (1 + 2x3)
[
α(α− 1)(ρ¯/ρ)2 − 2 ]} , (A15)
G 0n,n = −
1
2
(1− x0) t0 − t3
12
(1− x3) ρα, (A16)
G 0n,p = G
0
p,n =
x0 t0
2
+
x3 t3
12
ρα, (A17)
where t0, x0, t3, x3, and α are the parameters of the
Skyrme energy functional (see, e.g., [52]), ρ = ρn + ρp ,
ρ¯ = ρn − ρp , ρn = ρn(r) and ρp = ρp(r) are the neutron
and proton local densities. Formulas for F 0p,p andG
0
p,p are
obtained from Eqs. (A14) and (A16) by replacing ρ¯ →
−ρ¯. 〈 j1l1 ||TJLS || j2l2〉 is the reduced matrix element
of the spherical tensor operator TJLSM = (YL ⊗ σS)JM
which is defined by the formula (see also Eqs. (A1)–(A4)
of Ref. [53])
〈 j1l1 ||TJLS || j2l2〉
= (−1)l1
√
(2J + 1)(2L+ 1)(2S + 1)
2pi
×
√
(2j1 + 1)(2l1 + 1)(2j2 + 1)(2l2 + 1)
×
(
l1 l2 L
0 0 0
)
1
2 l2 j2
1
2 l1 j1
S L J
 . (A18)
7. Direct and exchange terms of the
momentum-dependent part of the interaction
V
J (2)D
(12,34) =
δτ1,τ2 δτ4,τ3
2J + 1
∑
S
C(S)Dτ1, τ3 U
JS
(12,34) , (A19)
V
J (2)X
(12,34) = δτ1,τ2 δτ4,τ3
∑
SJ′
C(S)Xτ1, τ3 U
J′S
(42,31)
× (−1)J+J ′+j1−j4
{
j2 j4 J
′
j3 j1 J
}
, (A20)
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where S = 0, 1,
UJS(12,34) = −
∑
L
I
L(2)
(12,34)
×〈 j2l2 ||TJLS || j1l1〉 〈 j4l4 ||TJLS || j3l3〉 , (A21)
I
L(2)
(12,34) =
∫ ∞
0
dr
[
r2
(
R(1)(r)R(2)(r)
)′(
R(3)(r)R(4)(r)
)′
+L(L+ 1)R(1)(r)R(2)(r)R(3)(r)R(4)(r)
]
, (A22)
C
(S)D
τ, τ ′ = −
[
b
(−)
S0 + (2δτ, τ ′ − 1) b(−)S1
]
, (A23)
C
(S)X
τ, τ ′ =
1
2
{
b
(+)
00 + (2δτ, τ ′ − 1) b(+)01
+
(
3− 4S)[ b(+)10 + (2δτ, τ ′ − 1) b(+)11 ]}. (A24)
Normally, the parameters b
(±)
ST are expressed through the
ordinary Skyrme-force parameters t1, x1, t2, x2 by the
equations
b
(±)
00 =
1
16
[± (5 + 4x2) t2 + 3 t1] , (A25)
b
(±)
10 =
1
16
[± (1 + 2x2) t2 − (1− 2x1) t1] , (A26)
b
(±)
01 =
1
16
[± (1 + 2x2) t2 − (1 + 2x1) t1] , (A27)
b
(±)
11 =
1
16
(± t2 − t1) . (A28)
If Eqs. (A25)–(A28) are fulfilled, we have
V
(2)X
12,34 = −V (2)D42,31 = −V (2)D13,24 . (A29)
However, in the general case there is another way of
the choice of these parameters in which they are ex-
pressed through the coupling constants of the Skyrme
energy functional CτT , C
J
T , C
∆ρ
T , and C
∆s
T (choice (ii) of
Ref. [10]). In this case we have
b
(+)
0T = C
τ
T , (A30)
b
(+)
1T = −CJT , (A31)
b
(−)
0T = −2C∆ρT −
1
2
CτT , (A32)
b
(−)
1T = −2C∆sT +
1
2
CJT . (A33)
The inverse formulas read
C∆ρT = −
1
2
b
(−)
0T −
1
4
b
(+)
0T , (A34)
C∆sT = −
1
2
b
(−)
1T −
1
4
b
(+)
1T , (A35)
CτT = b
(+)
0T , (A36)
CJT = −b(+)1T . (A37)
In contrast to Eqs. (A25)–(A28), Eqs. (A30)–(A33) do
not impose any constraints on the parameters b
(±)
ST , be-
cause the numbers of the independent parameters in the
left and right sides of Eqs. (A30)–(A33) are equal to each
other. In this case Eqs. (A29) are generally not fulfilled.
The definitions (A30)–(A33) are convenient in the case
when it is necessary to eliminate the so-called J2 terms
or/and the spin-spin terms from the residual interaction
V . In most parametrizations of the Skyrme energy func-
tional the J2 terms are omitted by setting the constants
CJT to be equal to zero. To maintain self-consistency on
the RPA level these constants should be equal to zero
also in the residual interaction. In this case the parame-
ters b
(±)
ST are determined by Eqs. (A30)–(A33) in which
CJT = 0 while the coupling constants C
∆ρ
T , C
∆s
T , and C
τ
T
are determined by Eqs. (A34)–(A36) and (A25)–(A28).
Note that in these definitions Eqs. (A25)–(A28) play in-
termediate role (they do not give the final values of the
parameters b
(±)
ST , so Eqs. (A29) do not follow from them).
Sometimes in the RPA calculations of the excitations
of the spherical even-even nuclei the spin-spin terms of V
are also omitted since this does not lead to the violation
of the self-consistency. In the above equations it means
that (i) the sum in Eq. (A12) is restricted by the terms
with S = 0 and (ii) the constants C∆sT in Eq. (A33) are
set to be equal to zero (the constants CτT , C
J
T , and C
∆ρ
T
are determined as described above).
8. Spin-orbit term of the momentum-dependent
part of the interaction
V
J (2)SO
(12,34) = δτ1,τ2 δτ4,τ3W0 (1 + xW δτ1,τ3)
×
{
u J(12,34) + u
J
(34,12)
+ (−1) j1−j2+j3−j4 [u J(21,43) + u J(43,21) ]} , (A38)
where
u J(12,34) =
3
4pi
∑
L=J,J±1
∑
l′1=l1±1
∑
l′3=l3±1
a
JLl′1
(12) b
JLl′3
(34)
×
∫ ∞
0
dr r2D
l′1
(1)(r)R(2)(r)D
l′3
(3)(r)R(4)(r) , (A39)
a
JLl′1
(12) =
∑
l′′1 =j1± 12
(−1) l1+ l′′1 (2l′1 + 1)(2l′′1 + 1)
×
√
(2j1 + 1)(2l1 + 1)(2j2 + 1)(2l2 + 1)
×
(
l1 l
′
1 1
0 0 0
)(
l2 l
′
1 L
0 0 0
)
×
{
l1 l
′
1 1
1 1 l′′1
}{
l2 l
′
1 L
1 J l′′1
}
×
{
j1 l1
1
2
1 12 l
′′
1
}{
j2 l2
1
2
l′′1 j1 J
}
, (A40)
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b
JLl′3
(34) = (−1) l3+j3−
1
2 (2L+ 1) (2l′3 + 1)
×
√
(2j3 + 1)(2l3 + 1)(2j4 + 1)(2l4 + 1)
×
(
l3 l
′
3 1
0 0 0
)(
l4 l
′
3 L
0 0 0
)
×
{
j4 l4
1
2
l3 j3 J
}{
l4 l
′
3 L
1 J l3
}
, (A41)
D
l′1
(1)(r) = R
′
(1)(r)−
√
6l1(l1 + 1)(2l1 + 1)
×
{
1 l1 l
′
1
l1 1 1
}
1
r
R(1)(r) . (A42)
W0 and xW in Eq. (A38) are the parameters of the
Skyrme energy functional (see [54]). Note that these
parameters are related with the constants b4 and b
′
4 of
Ref. [49] by the formulas W0 = 2b4, xW = b
′
4/b4.
9. Coulomb term
The Coulomb term has the non-zero matrix elements
only for the proton single-particle wave functions. It con-
sists of two parts
V
J(C)
(12,34) = V
J(C)D
(12,34) + V
J(C)X
(12,34) , (A43)
where V
J(C)D
(12,34) and V
J(C)X
(12,34) are the direct and exchange
terms, respectively.
For the direct term we have
V
J(C)D
(12,34) =
4pie2
(2J + 1)2
× 〈 j2l2 ||TJJ0 || j1l1〉 〈 j4l4 ||TJJ0 || j3l3〉
×
∫ ∞
0
dr r2
∫ ∞
0
dr′ r′2
rJ<
rJ+1>
× R(1)(r)R(2)(r)R(3)(r′)R(4)(r′) , (A44)
where r< = min (r, r
′), r> = max (r, r
′).
The exchange term is treated within the Slater approx-
imation in consistency with the usual form of the Skyrme
energy functional. In this approximation the expression
for the exchange term is
V
J(C)X
(12,34) = −
(9pi)−1/3e2
2J + 1
× 〈 j2l2 ||TJJ0 || j1l1〉 〈 j4l4 ||TJJ0 || j3l3〉
×
∫ ∞
0
dr r2 ρ−2/3p (r)
× R(1)(r)R(2)(r)R(3)(r)R(4)(r) . (A45)
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